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1 Introduction 

A systematic way of constructing general solutions of the vacuum Einstein equa- 
tions proceeds via solving of Cauchy problems of various flavors. One such clas- 
sical problem consists of prescribing initial data on a light-cone. The formal 
aspects of this Cauchy problem are well understood by now [5,9, 10, 15]. How- 
ever, because of the singularity at the vertex, there arise significant difficulties 
when attempting to prove an existence theorem for general initial data, and 
only special cases have been established in the literature so far [4,5]. It is the 
purpose of this work to fill this gap and prove an existence theorem for an ex- 
haustive class of initial data, in the sense that every smooth light-cone in every 
smooth vacuum space-time arises from our construction. 

Now, in order to prove existence of a space-time with initial data on a light- 
cone Co, with vertex O, using the wave-map gauge scheme of [5,10,15], one 
needs to prove that the fields g^ v \c arise from some smooth metric, so that 
the Cagnac-Dossa theorem applies [12]. In this scheme the fields g^\c are 
constructed by solving a set of wave-gauge constraint equations starting from 
geometric initial data (g, ft) (for notation, see below and [5]), which results in a 
tensor field g^ v \c on Co with seemingly intractable behaviour at the vertex. 
The problem addressed, and solved, in this work is to show that g^ v \c i s indeed 
the restriction to Co of some smooth metric, which leads to our first main result: 

Theorem 1.1 Consider a symmetric tensor g induced by a smooth Lorentzian 
metric C on its null cone Co centred at O. Then there exists a smooth metric 
g defined in a neighborhood of O, solution of the vacuum Einstein equations to 
the future of O, such that Co is the light-cone of g and g is the restriction of g 
to Co- 

Theorem 1.1 is obtained from Theorem 6.1 of Section 6.3 by calculating alge- 
braically ft, in a neighbourhood of the vertex O, in terms of g and its derivatives, 
using (6.31) below. The regularity of the function ft needed in Theorem 6.1 is 
justified in Section 3.2. 

In Rcndall's approach to the characteristic initial value problem [15] one 
requires ft = 0. In adapted coordinates on the light-cone, one prescribes a 
tensor field 7^_b(?*, x c ) dx A dx B which determines g after multiplication by a 
conformal factor. In this context we prove: 

Theorem 1.2 Let 

7As(r, x c ) dx A dx B 

be induced by a smooth Lorentzian metric C on its light- cone centred at O in 
adapted coordinates, where r is a C-affine parameter. Then there exists a smooth 
metric g defined in a neighbourhood of O, solution of the vacuum Einstein equa- 
tions in J + (0), such that 

9ab\c = Q 2 Jab , 

for some positive function f2 which is the restriction to Co of a smooth function 
on space-time, where r is a g-affine parameter. 
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We show in Section 3 how to deduce Theorem 1.2 from Theorem 6.1 with 

K = 0. 

In the scheme of [9], where the fields g^Co are given a priori, and the 
"wave-map gauge constraint functions" \2 g y^\c Q are calculated from the data, 
one needs to prove that a certain vector field arises as the restriction to 
the light-cone of a smooth vector field. We prove that this is the case when 
the fields g^ v \c arise as the restriction to the light-cone of a smooth metric, 
leading to: 

Theorem 1.3 Given any smooth metric C there exists a smooth metric g, de- 
fined on a neighbourhood of O and solving the vacuum Einstein equations to the 
future of O, such that 

g^v\c = C^ v \c ■ 

The proof of Theorem 1.3 is the contents of Section 7. 

2 Outline of the argument 

Throughout we use the conventions and notations from [5]. In particular the 
coordinates x are linked to the coordinates y, which define M. n+1 as a C°° 
manifold, by the relations 

n 

y a ^x 1 - x°, y l = r<d\x A ) with Q l {x A f = 1, (2.1) 

i=l 

the x A are local coordinates on the sphere S*™ -1 , or angular polar coordinates. 
We underline components of tensors in coordinates y and don't underline those 
in coordinates x; we overline the restrictions to ("traces on") Co- Thus g^ 
denotes the components of the metric in the x-coordinate system, <7 M „ or g^ v 
denotes the components of the metric in the y-coordinate system, ~g^ v denotes 
the restriction to the light-cone of the components of the metric in the in- 
coordinate system, etc. We use the wave-map gauge with a Minkowskian target 
metric; in the notation of [5], g = i]. 

We assume that we are given a smooth metric C, for which we introduce 
normal coordinates y^ . As discussed in [9], there are many ways in which C 
can be used for the construction of a solution. One of the schemes analysed 
here assumes that Cab provides the initial data tensor field g := ~g AB dx A dx B 
directly, 

g~AB ■= Cab , 

in which case the parallel-transport coefficient k is determined, at least in a 
neighborhood of the vertex O, from Cab by algebraically solving the Ray- 
chaudhuri equation. In a second scheme considered here the metric functions 
Cab provide a conformal class, 

Vab := Q 2 Cab , 

in which case we solve the Raychaudhuri equation, understood as a second- 
order ODE for the conformal factor ft. We show how the second scheme can 
be reduced to the first. After this, the objective is to construct all the met- 
ric functions g^ on the light-cone, with y-coordinatc components g^ which 
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are restrictions to the light-cone of functions which are smooth in the coordi- 
nate system y^, by solving the wave- map gauge constraint equations of [5]. As 
already pointed out, the difficulty is to show cone-smoothness 1 of the metric 
functions l)^ near the tip of the light-cone. 

Finally, we consider a scheme where all the metric functions are prescribed 
directly on Co using the metric C, 

Q^iv • C \iv • 

In this case the equations S^ v f — 0, where S is the Einstein tensor and I 
is tangent to the generators of the light-cone, become equations for a wave- 
gauge vector H 1 * . The difficulty is then to show cone-smoothness of the metric 
functions H_ near the tip of the light-cone. 

The argument can be outlined as follows: In the afhncly parameterized case, 
where only the conformal class of ~g~AB is given, we first analyze the scalar 
| cr | 2 , which depends only on the conformal class of the angular block of the 
metric. Using the first constraint (the Raychaudhuri equation), we determine 
the divergence r and the conformal factor Q, relating ~§ab and the initial data 
7ab = Cab, and analyze their properties at the vertex. This part of the 
argument is rather similar to that in [6] where, however, restrictive hypotheses 
have been made on the initial data. 

In the case where Cab gives directly ~g~AB, instead of the above we deter- 
mine algebraically k in a neighborhood of the vertex from Cab using the first 
constraint equation. 

The next key step, established in Section 5, is the proof of existence of a 
smooth space-time metric C^, in wave- map gauge, which solves all the wave- 
map gauge constraint equations up to an error term which, for smooth C^'s, 

decays to infinite order 2 at the origin, with Cab = Vab ; and with the corre- 
sponding function vq associated with C differing from v$ by an error term which 
again decays to infinite order at the origin. For C^ v with finite differentiability, 
say C k , the error terms above can be made to decay to order 0(\w\ mi ), for 
some mi G N which does neither depend upon the differentiability index k nor 
upon the dimension n. The second constraint equation is then rewritten as an 
equation for 

v A — C a , 

the solution of which is shown to decay to infinite order at the origin in the 
smooth case, or to order 0(|y| fc ~ mi ~ m2 ), for some 777,2 €E N which again does not 
depend upon k or n in the C k case. Similarly the final constraint is rewritten 
as an equation for 

ffoo — Coo 7 

the solution of which has similar decay properties at the origin. The decay 
properties of the differences of metric functions allow one to show that the 
^-coordinate components ~g~J^ of ~g can be smoothly extended off the light- 
cone in the C°° case, or C fc ~ mi ~ m2-m3 -extended in the C k case, for some 777,3 

1 We say that a function / on Co is cone-smoth if there exists a smooth function <f> on 
space-time such that / is the restriction of <j> to C'o ■ 

2 A function / is said to decay to infinite order near r = 0, we then write / = Ocxd(^°°), 
if for all N £ N we have |/| < Cn^ n for small r for some constant Cjv; similarly for all 
derivatives of /. 
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independent of k and n. This allows us to use the Cagnac-Dossa theorems [2, 11] 
to solve the wave-gauge reduced Einstein equations, and the results in [5] lead 
to Theorem 6.1 below for all k large enough. 

In the "unconstrained" scheme of [9] where the whole metric is prescribed 
on the light cone, 

9 '/Ml/ = C ' IIV ! 

we use similarly a metric C ' M „ which now is not assumed to be in wave-map 
gauge, but the Ricci tensor of which, when contracted with a null tangent to 
the light-cone, decays to infinite order on Co near the vertex along the light- 
cone. Comparing a suitably defined gauge vector ff, as calculated for the 
desired vacuum metric, with the harmonicity vector H 11 as calculated for the 
metric C^, allows us to show that extends smoothly. 



3 From a conformal class 7 to g 

Consider a tensor field 7 which is induced on Co by a smooth metric C in a 
spacctime neighbourhood of Co, i.e. jab — Cab, with Cab the components 
with indices AB in the coordinates a; of a metric C whose smoothness is insured 
by the smoothness of its components C a p in the y coordinates. (This property 
is clearly a necessary condition for the desired vacuum metric to satisfy the 
requirements of our theorem.) Then ~§ab — Q 2 ^ab will be the components in 
the coordinates x of indices AB of the trace of a smooth metric if the conformal 
factor f2 is the trace of a smooth positive function. 

Consider a metric C such that C(0) = 77, the Minkowski metric. If C 
is C k with values 77 at O then its components in the coordinates y admit at 
O an expansion, where the c's are numbers, and the error terms Ofe(|j/| ) (see 
the beginning of Appendix A for the definition of the symbol Ok(\y\ k )) are C k 
functions of the j/'s, of the form 



C a p = Val s + y] \c a ^ ai ... ap y ai ■■■y a " + o k (\y\ k ) 

(compare Lemma A.l). If d a C/3 7 (0) = the expansion starts at p = 2. This is 
satisfied in particular if the j/'s are normal coordinates for C with origin O. In 
the coordinates x it holds that 



2 dQ i dQi 

C *B-r ^T^aq^b 

where 



y = ^ y i = ^(e^ = 1. 

1=1 

On Co this leads to an expansion of the form, with c's and cTs numbers deter- 
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mined by the C^'s: 

Iab = Cab 



2 r d«' cw j , h, h 



P =i 

+rrf^,..., Ip _ 1 y' ll ---y ,l - 1 )}+ 0fe (r' £+2 ) 

=: r V s u; ' 7J^7J^ ir - ' '•' / " : J • (3 ' 1} 

An exhaustive intrinsic description of such tensors 7,43 in space-time dimension 
four can be found in [7]. 3 

3.1 The functions |<x| 2 and r 

The function |cr| 2 which appears in vacuum as a source of the Einstein wave-map 
gauge constraints is defined on Co by 

\a\ .— a A ob , 

where cja G is the traceless part of \"l d\~jAB- We assume that there exists a 
smooth metric C such that 

Iab = Cab, 

and we start by studying the differentiability properties of possible extensions 
of \a\ 2 off the light-cone. 

More precisely, let y^ denote normal coordinates for C centred at O. Set 



L: =y^— > X flu :=-C L C flv -C flu . (3.2) 



9 x - 1 

dy" ' ^ 2 
Let the coordinates x M be defined as in (2.1) 



n 

y = x 1 -x° 1 y i =x 1 e i (x A ) with ^ (6 l (x A )) 2 = 1 . (3.3) 

i=l 

We write interchangeably x 1 and r. As already mentioned, we underline the 
components of the metric associated with the coordinate system e.g. 

C^u := C(dyv,d y v) , C^v := C(d x ^, d x v) , 

etc. Recall that in normal coordinates it holds that [16] (see [7, Appendix B] 
for a reference which is easier to access) 

C M „y" = ^ M • (3.4) 

One has the identity 

L = x°d x o + x 1 d x i , (3.5) 



3 We take this opportunity to point out that the "only if part of Theorem 1.2 of [7] is 
not sufficiently justified. However, the "if part is correctly proved, and this is enough to 
infer Theorem 1.1 of [7], which is the main result there, and which is what is relevant for the 
current work. 
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which implies that on the light-cone we have L = x 1 d\ and 



In particular, 

C l Cab = x 1 diC A B = x 1 8 1 jab ■ 
It follows from the definition (3.3) that (3.4) is equivalent to 

Cqi = 1 , Cn = , 

which is further equivalent to 

C 01 = l, C° O = C°^ = ! C AB =1 AB , (3.6) 

where C AB are the contravariant components with indices AB in the coordinates 
x of the metric C. (The last equation (3.6) is, of course, a consequence of the 
remaining ones.) The tensor X defined in (3.2) obeys the key property 



X„i = . 

This allows us to rewrite 

\l BC d llAB = \c^d x C AB = -{8 c A + C^X AB ) = -{5 C A + ~W1) , (3.7) 
I I r r 

where we have introduced the smooth spacetime tensor 

Z\ := C vX X Xll . (3.8) 

Hence a A B can be constructed from the restriction to the cone of the traceless 
part of Z B A . We can then calculate the norm |<r| 2 using Z, as follows: We have 



tvZ = C^X^ = ~f AB X AB , (3.9) 



\Z\ 2 := trZ 2 = Cm&PX^Xvp = 1 AB 1 CD X AC X BD , (3.10) 

which implies that the norm \a\ 2 equals (a; 1 ) -2 = r~ 2 times the restriction of a 
smooth function in space-time to the light-cone: 



1 „„,„ 1 



o? ee -(|Z| 2 -(trZ) 2 ), (3.11) 

r z n — 1 



as desired. Incidentally, this equals -Jj |Z TF | 2 , where Z TF is the trace- free part 
of Z. 

Note that X^ v = 0(r 2 ) along Co, which shows that for smooth metrics C 
in normal coordinates the function \a\ 2 is 0(r 2 ) and has an expansion for any 
k, up to a factor r~ 2 : 

This can also be written as 

W\ 2 = ^2a p r^ 2 + o k (r k - 2 ), 

p=4 
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with 

o v := (-v ■■■&* + <„. ip _ I e <i • • • e^-K 

When C is used to prescribe 7, the function r is obtained by integration of 
one of the wave-map gauge characteristic constraint equations; we return to this 
in Section 3.3. On the other hand, if C is used to prescribe g = g^ B dx A dx B 
directly as C ABdx A dx B , the divergence t of the horizon, 

r := hg AB d r g AB , (3.13) 

(often denoted by 9 in the literature; cf., e.g., [14]) is calculated from Cab- In 
that last case, it follows from (3.7)-(3.9) that 

r ee V B d mB = -(n - 1 + ^Xab) = -(n - 1 + tFZ) . (3.14) 
It r 

Hence, in such a context the function rr is the restriction to the light-cone of a 
smooth space-time function, with 

rr - (n- 1) = 0(r 2 ) . (3.15) 

In vacuum, the function r has to satisfy (cf., e.g., [5]) the Raychudhuri 
equation Ru = R fJ-lJ £ fJ, £ 1 ' = 0, where l v is a null tangent to the generators of 
Co- 

dlT-KT+ - + | ( t| 2 =0, (3.16) 

n — 1 

where k has been defined in (3.17). 



3.2 Boundary conditions on k 

As discussed in detail in [5,9], one of the important objects appearing in the 
formulation of the characteristic initial value problem is the following connection 
coefficient: 

Vg r <9 r = Kd r . (3.17) 

A rather natural gauge-choice is to assume that the generators of the light-cones 
are affinely parameterized, which translates to the condition k — 0. However, 
it might be more convenient in some situations not to impose this restriction. 
The question then arises, what is a natural class of functions n for the problem 
at hand. 

To motivate our hypotheses suppose, momentarily, that the tensor field 
g = ~g~ABdx A dx B arises from a smooth vacuum metric g, using a smooth co- 
ordinate system in which the light-cone takes the usual form {y° = \y\}, but 
the coordinates y M are not necessarily normal, and so k is not necessarily zero. 
In this case r still behaves as (n — 1)/?' near and away from r = 0, hence is 
nowhere vanishing for r sufficiently small. We can then algebraically solve for 
k from (3.16): 

K = - (diT+^- + \a\ 2 ) . (3.18) 
t \ n — 1 J 
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We rewrite this in the following way: 



r9i(rr)-(rr) + -^-+r 2 |a| 2 ) . (3.19) 



(rr) \ n — 1 

Now we have seen that, in normal coordinates, rr and r 2 \a\ 2 are restrictions 
to the light-cone of smooth functions, with rr — > r ^Q n — 1. Since r and <r 
are intrinsic objects on Co, it is natural to suppose that these properties will 
remain true in the new coordinates. This motivates the condition that rn is the 
restriction to the light-cone of a smooth function on space-time; equivalently, 

rn is cone-smooth. (3.20) 

We also find that 

K = 0(r) , (3.21) 

whenever \a\ 2 = 0{r 2 ) together with (3.15) hold. 

Yet another hint, that (3.20)-(3.21) are adequate assumptions on k in many 
situations, is provided by the following: Suppose that r and a arise from the 
light-cone of a smooth metric C, not necessarily vacuum. In normal coordinates 

for C we then have 

T 2 _ 

d lT + - + \a\ 2 +T n =0, (3.22) 

n — 1 

where rr and r 2 cr 2 arise by restriction of smooth functions on space-time, and 
where 

— — \y\ —\y\ \y\ 

If we use g := C AB<lx A dx B as initial data for a vacuum gravitational field, in 
view of (3.16) we will have 



Tqq + 2Tpi — + T VJ 



V 1 , m y_^_if_ 
y\ \y\ 



Equivalently 

1 



rK = — (,2kL r2 + 2 ?ky H + . 

and so the resulting function k satisfies (3.20)-(3.21). 

From now on, consistently with the above, we will assume that the parallel 
transport coefficient k satisfies (3.20)-(3.21). 



3.3 Integration of r and of the conformal factor 

As already mentioned in the introduction, in the approach of Rcndall [15] the 
tensor field g = g AB dx A dx B is taken of the form 

9ab = ^ 2 1ab , 

where the tensor field jab is a priori given. Equation (3.16) becomes then an 
equation for the conformal factor Q. 
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Suppose that 7,4s arises from a smooth metric C: ^ab = Cab- In the re- 
mainder of this section we will show that there exists a smooth positive function 
on space-time, say Xi so that Q is the restriction to the light-cone of x- Setting 
Cab = X 2 Cab, we then obtain g AB = Cab, where C is a smooth tensor field 
on space-time. This reduces the study of Rcndall's approach to our treatment 
in Sections 4-6 below. To prove existence of x we follow the approach in [4], 
with some simplifications, and making more precise the results there, as follows 
from the current context. 

To carry out the analysis it is convenient to introduce 

n — 1 

y ■= , 

T 

where r is the divergence of Co given by (3.13). In terms of y, the vacuum 
Raychaudhuri equation (3.16) reads 

y> = l + Ky+ -L-\a\ 2 y 2 . (3.23) 

71 — 1 

We assume that \a\ 2 is of the form (3.12); this will be true when the metric C 
inducing 7 is C fc+1 , and thus for any k when C is smooth. We further assume 
that k satisfies (3.20)-(3.21), with tk being the restriction to Co of a function 
of C k differentiability class. Lemma A.l, Appendix A, shows that k has an 
expansion 

1 k 

K=-Y,K P -ir p + o k (r k ) , (3.24) 

r p=2 

with 

Kp _x ee Ktl ... ip e^ ■■■O i » + (-)' • • • , (3.25) 

for some collection of numbers , and k' 

Using known arguments (compare [1, 8] and [13, Lemma 8.2]), it follows from 
(3.23) that there exist functions y t G C°°(S n ~ 1 ) such that 

fe+2 

V = ^Zvrr 1 + o k {r k+2 ) 
i=i 

fc+2 

= r + ^r 2 +Y,y l r l + o k (r k+2 ) (3.26) 

i=3 

(with the first non-zero term in the sum being equal to when k — 0), where 
the j/p-i's take the form 

y P -i=y il ...i p Q il ---Q i >+l/i 1 ...i r _ 1 Q il —Q i '- 1 , (3.27) 

for some collection of numbers y^...^ and y' it i _ 1 . Lemma A.l shows that, for 
all k G N U {00}, the function y/r is the restriction to Co of a C k function on 
space-time equal to one at the origin. 
Let Sy be defined as 

V = r(l + Sy) , 
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thus Sy is the restriction to Co of a C k function on space-time vanishing at the 
origin. Hence 

n — 1 n — 1 n — 1 / <5y \ 
y r(l + <5y) r \ l + <5y/ 

which shows that rr is the restriction to Co of a C fe function on space-time 
equal to n — 1 at the origin. 
Let us write 

9AB = e u j AB , (3.28) 

We then have 

r = di log VdcW + , (3-29) 

with w| r= o = 0. Integrating this equation for uj, Lemma B.l allows us to assert 
that: 

PROPOSITION 3.1 Let k e N U {oo}. Suppose that the metric ^ab arises by 
restriction to Co of a C k+1 metric in normal coordinates, and that we are 
given a function r/t which is the restriction to Co of a C k function vanishing at 
the origin to order two. Then the conformal factor fl 2 , relating ~g^ B and jab, 
obtained by solving the vacuum Raychaudhuri equation, 

T 2 

diT-KT+ - + |cr| 2 =0, (3.30) 

n — 1 

is the restriction to Co of a C k function which equals one at the vertex. □ 



4 Integration of i/q 

From [5], in vacuum and in wave-map gauge the following equation has to hold: 
d l v° = -( T - + K)v° + \g AB rs A B. (4.1) 



We want to show that the function vq, solution of (4.1), is the restriction to 
the light-cone of a smooth function on space-time. For this we rewrite (4.1) as 

rdvP = - (y + r«) ^ + \g AB r 2 s A B • (4.2) 
Let the conformal factor f2 be defined by 

~9~AB = ft 2 JAB , (4.3) 

with SI = 1 + 0(r 2 ), and let ip be defined as 

/ i j ~ \ l/(2n-2) / , , s. l/(2n-2) 

=Q , (4.4) 

with (p — r + 0(r 3 ); recall that 

7" 

t — (n — 1) d\ logy;, equivalently di<p = tp . (4-5) 

n — 1 
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We assume first that k = 0. Using ip we can rewrite (4.1) in the form 

cM^V- 1 )/ 2 ) = ^-^lg^ rSAB , (4 . 6) 
and hence, since v ^"^ 1 ^ 2 — Sv->o 0, 

u\r,x A ) = * (^-^ 2 9 AB r SAB ) (s,x A )ds . (4.7) 

From (3.6) one has 

0^%T V = j AB r 2 s AB + 2 , (4.8) 

Using (4.8) one is led to 

^ x *) = f. _i?2^J j (>-i)/^- 2 (C^ - 2)) (s, x A ) s- 1 ds . 

(4.9) 

It is then elementary to show (see Lemma B.l, Appendix B) that u° is the 
restriction to the light-cone of a smooth function on space-time. One also finds 
that v — > 1 as r approaches zero, and closer inspection of series expansions [4] 
shows cancelations which yield 

u = l + O{r 4 ). (4.10) 

When c^Owe let 



H(r,x A ) = / n(s,x A )ds , (4.11) 
Jo 

and then (4.9) gets replaced by 

(e-*V-("-i>/2)(r,^) 
u'(r, x ) = x 

(V"- 1 )/^-^^ 7 ^; - 2)e H ^) (s, x A ) s" 1 ds , (4.12) 

with identical conclusion. 
Summarising: 

Proposition 4.1 Under the hypotheses of Proposition 3.1, the solution v of 
(4-1) is the restriction to Co of a C k function which equals one at the vertex. 
□ 



We show in Appendix C that for any smooth metric C such that C\a = 
Cn = 0, and for any cone-smooth function isq there exists another smooth 
metric C satisfying Cab = Cab, C\a = Cii = and Coi = vq. This is not 
used in our indirect proof below, but could be used towards a direct proof of 
our main results in this paper, if such a proof is found. 
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5 Approximate polynomial solutions 



As the next step in our construction, we construct a smooth metric which is an 
approximate solution of the constraint equations. 

Throughout this section the x^'s are Cartesian coordinates on in which 
the metric coefficients are smooth, and the light-cone is given by the equation 
•q^x^x 11 = 0, where r\^ v is a diagonal matrix with entries (— 1, 1, . . . , 1) on the 
diagonal. This should not be confused with the coordinates adapted to the light- 
cone, denoted by x M in the remaining sections of this paper. One can think of 
the coordinates x^ 1 of this section as the coordinates y M of Section 2, except that 
we are not assuming that the cc^'s here are normal for the metric C . 

5.1 The scalar wave equation 

Let Dtj denote the Minkowskian wave operator, 

□„ = nTdpd v . 

We start with the following observation: 

Lemma 5.1 Let k £ N. For any homogeneous polynomial P of degree k there 
exists a unique homogeneous polynomial W of degree k + 2 such that O v W = P 
and W\ Co = 0. 

Proof: Any such P can be uniquely written as 

P = C ai ...a k X 1 ■ ' ■ X k , (5-1) 

where C ai ... ak is symmetric under permutations, C ai ,,, ak = C( ai ,,, ak y. Indeed, 
the C ai ... Qfc 's can be calculated by differentiating k times the polynomial P, and 
hence are unique. 

We seek a solution of the form 



W — J ^-(a 1 ...a k r lak + iak 



r Ck + 2 



where A ai _.. ak is also symmetric in all indices. All such polynomials W vanish 
on the light-cone, as desired. 

We start by noting that the map 

A ai ...a k H- W = ^4(Q 1 ...Q fe ??Q fc+1 a fc+2 )a; Q;i ■ ■ -x ak+2 , (5.2) 

which is surjective by definition, is also injective. Indeed, this statement is 
equivalent to the fact that the only solution of the equation 

A( ai ...a k 7 la k+1 a k + 2 ) = i (5-3) 

is zero. To see this, let k + 2 = 2m + e, with e £ {0, 1}. Contracting (5.3) with 
if 1 " 1 . ..i)" 2 "- 1 " 2 "' we find 







^ ai Q! ■ • •° Lm Ck-mOLi — ^ 771 + 1. 
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If m equals zero or one we are done. Otherwise one can contract now (5.3) with 
rj 011012 . . . ^ Q 2m-3Q2 m -2 j anc i us i n g the previous equation obtain 







4 Q 1 a m - 2 - h. — Orrr 

I\ ai . . . a m _i/37j n — 

4«l Q m -2 . . 

ai ■ ■ • Q m _ip70; 



Continuing this way, after a finite number of steps we obtain the vanishing of 
A ai ...a k , as desired. 

Consider, now, the linear map which to the tensor A ai ___ ak assigns the tensor 
C ai ...a t , obtained in the obvious way from what has been said so far: 

Aji . . .a k 

i — > w i ^ n r) VK < > C ai ... ak . 

This map is injcctive: indeed, let U n W 2 = P = OWi, then a v (Wi - W 2 ) = 0, 
with Wi — W2 = on the light-cone, hence W\ — W2 = by uniqueness of 
solutions of the characteristic Cauchy problem on the light-cone. Surjectivity 
follows now by elementary finite-dimensional algebra. □ 

For further reference we note that for k > 2 one finds, in space-time dimen- 
sion n + 1, 

aw = (k + 2)r u d v (A (ai ... ak r, ak+lfl) x^---x a ^) 
= (k + 2){k + l)rTA iai ... ak v IUf )X ai 

= " (k + 2)! " (^'^ai— a*,^ + 4 x A: x fc!A M ( Ql ... ak _ 1 ri ak ^ u 
+ x (fc — 1) x k\A^ v ( ai ...a k _ 2 i] ak _ lQfc )^ Ql ■ • ■ £ afc 

+ ~ l)^M^(ai---afc-2 7 ?afc-iafc)) a;ai ' ' ' ^ 

= (2(n + 2fc + l)A ai ... aj , 

+ k(k - l)A% (ai ... ak _ 2 r, ak _ iak) y^ ■ ■ -x a - . (5.4) 
So Lemma 5.1 is equivalent to the statement that the equations 

2(n + 2k + 1)j4 Qi ... Qfc + fc(fc — l)_A^( Ql ,.. ajk _ 2 f/ct k _ iafc ) = C a ±...a k ■ (5-5) 
have a unique totally symmetric solution A Ql ... a( . for any totally symmetric 

C ai ...a k ■ 

A similar but simpler calculation shows that the formula (5.4) remains valid 
for k — and 1, and so for example we obtain 



W 



Q. 77 aT a rP k = 0- 

2(n+l) l<*P ' ' 

■SG^CfrTlafl X a xPx-l, k = l. 



As an obvious corollary of Lemma 5.1 one finds: 

Corollary 5.2 Let k E N. For arty polynomial P of degree k there exists a 
unique polynomial W of degree k + 2 smc/i that n v W — P and W\c Q =0. □ 
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Let D g be Laplace-Beltrami operator of a metric g. As a warm-up, we prove: 

Proposition 5.3 Let g be a smooth Lorentzian metric and let there be given a 
coordinate system near p such that x^ip) = 0. For any smooth function tj) there 
exists a unique polynomial 4> k +2 of degree k + 2 such that 

- V = 0(\x\ k+1 ) , <j> k +2\co = ■ (5-6) 

If tp = 0(\x\ l ), then <fik+2 = 0(|s|^ +2 ). The result remains true for k = oo, in 
the sense that there exists a smooth function (p^ vanishing at the light-cone such 
that ^gfpco — ip vanishes to arbitrary order at the origin, similarly for derivatives 
of arbitrarily high order of ^ g 4>oo — V-'- 

Proof: By a linear change of coordinates we can without loss of generality 
assume that g(0) = rj. 

We will use induction upon k. 

For k = 0, existence is obtained by setting 02 = 2^+T) 7 lai3X a x 13 . To prove 
uniqueness, consider the difference of two such polynomials solving (5.6), call it 
W. Introduce a new coordinate system where x % is replaced by ex 1 ; one obtains 

9i(Vdet g{ex)g ij (ex)djW(x)) = 0(e\x\) . (5.7) 

Passing to the limit e->0we find 

U V W = , 

and since W vanishes on the light-cone, the vanishing of W follows from, e.g., 
Corollary 5.2. 

Suppose, next, that the result has been established for some k, thus there 
exists a polynomial solution 4>k+2 to (5.6). 
Taylor expanding ip, we can write 

,P = + 64> k+1 + 0(\x\ k+2 ) , 

where tpk is a polynomial of order k, and Sipk+i is a homogeneous polynomial 
of order k + 1. Similarly Taylor expanding n g (j} k+2 , we can write 

□ 9 ^ + 2-^ = Xfe+i + 0(|x| fc+2 ), (5.8) 

where Xk+i is a homogeneous polynomial of order k + 1. 

Let S(pk+3 be the solution given by Lemma 5.1 of the equation 

a r/S4>k+3 = dijjk+i - Xfe+i ■ 

This implies 

IV&+3 = (tyfc+i - Xk+i + 0(\x\ k+2 ) . (5.9) 

Set 

4>k+3 = 4>k+2 + Hk+3 ■ 

Adding (5.8) and (5.9) we obtain 

□ g 0fe+3 - Vfc - Hk+x = 0{\x\ k+2 ) , (5.10) 
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which implies (5.6) with k replaced by k+ 1, providing existence of the solution. 

Uniqueness follows by a scaling argument similar to the one leading to (5.7), 
where the equation for the difference W of two such polynomials becomes instead 

di(y/det g{ex)g lJ {€x)d ] W{x)) = 0(e\x\ k+2 ) . (5.11) 

When k = oo, the function ip^ is obtained from the above sequence of 
polynomials by Borel summation, Lemma A. 2 below. Uniqueness of tpoo up to 
a O(|a;| 00 )-function follows from what has been said, using the fact that the 
difference W of any two such solutions satisfies (5.11) with an integer k as large 
as desired. □ 

The following observation was implicit in the last proof: 



Proposition 5.4 Let g be a smooth Lorentzian metric, and let cf> be a smooth 
function such that, for some I € N, 

a g( f> = 0(\xf), <£|co=0. (5.12) 

Then 

<P = 0(\x\ e+2 ) . 

Proof: Let 4>k+2 be the first non-vanishing homogeneous polynomial of degree 
k + 2 in the Taylor expansion of (f>, and suppose that k < £. Then 4>k+2 van- 
ishes on Co, and a Taylor expansion of the left-hand-side of (5.12) shows that 
n r)<^fe+2 = 0, hence 4>k+2 — by Corollary 5.2, a contradiction. □ 



5.2 The Ricci tensor 

We continue with a perturbation lemma, namely: We wish to deform a given 
smooth metric g to a new smooth metric g, with the property that some compo- 
nents of the Ricci tensor of g tend to zero with decay rate £ along the light-cone 
Co near its tip, with £ as large as desired, and such that the new metric coincides 
with the old one on Co- 

The metric g in the current section should be thought of as the metric C in 
the remaining parts of the paper. Similarly to Section 5.1, the symbol x^ is not 
used to denote the coordinates adapted to the light-cone, as is the case in the 
main body of the paper: these are regular space-time coordinates near the vertex 
in which the light-cone is given by the Minkowskian equation r\ llv x il x v = 0. 

Lemma 5.5 Let g be a smooth Lorentzian metric with the light-cone Co of O 
described by the equation Co = {x a : r\ illV x^ L x v = 0}, where, as elsewhere, rj a p 
denotes the Minkowski metric. We assume moreover that 

g a f) - Va/3 = 0(|a;| 2 ) , d a g a p = OQx\) . (5.13) 

For any £ S NU{oo} there exists a smooth metric'g defined for \x\ small enough, 
which coincides with g on Co, 

g~n V = g^v , (5.14) 
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and such that 

^ ~ 09 

= OQx^W) , R^x v = 0(\x\* +1 ) + P^ a px a x^ , (5.15) 

(9 

for small \x\, for some smooth functions P u , where R^ v denotes the Ricci tensor 
of the metric g, and R its Ricci scalar. 



Rati = -7; D g9af3 + ^(9a\d/3^ X + 9p\d a T x ) + q a p{g,dg). (5.16) 



Proof: The Ricci tensor of g can be written as 

1 1 

2 D fftWi + -( 

Here it is usual to take D g to be the Laplace operator acting on functions, 

U g f = Idetgr^^ddetffl^V^/). (5.17) 

Further, q is a quadratic form in the first derivatives dg of g with coefficients 
polynomial in g and its contravariant associate, and the T A 's are defined as 

T Q := .9 V r^ . (5.18) 

However, instead of (5.17) one can take g^d^du, with a different q in (5.16); 
this implies that it suffices to do the estimates below for q and for g^ u d^d v . 
We assume first that £ < oo. The proof will be done by induction upon I. 

To clarify notation, g will denote a metric satisfying (5.15). We set g = q, 

(0) 

consistently with this requirement. In particular, setting = 0, the result is 

09 

true for £ = 0. For £ > 1 the metric g will be of the form 

09 (■*-!) 

ff Q/ 3 = So(3+ <J3a/3 ; (5.19) 

(e+i) 

where the correction term Sg a /3 will be 0(|x| f+1 ) near x = 0. Thus, the index 
£ over g denotes the induction step, while the index i over Sg denotes the decay 

(9 (i) 
rate for small x. We let Rap denote the Ricci tensor of g. 

The first step is to achieve the result with £ = 1. In this case the first 
equality in (5.15) is the important one, since the second automatically holds 

(i) 

with P v — 0. It follows from the calculations that we arc about to do that the 
result is achieved by setting 

dtiu = g~ g^u + ri a px a x p A liV , (5.20) 

where A^ v is given by (5.34). The formula (5.20) defines a Lorentzian metric 
for \x\ small enough, and maintains (5.13). 

Similarly, for the result with £ = 2 only the first equality in (5.15) needs to 

(2) 

be established, the second one with P„ = automatically follows. 

In all subsequent steps one wishes to establish the second equality in (5.15), 
making sure that the first one remains true at each induction steps. 
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So, assuming the result is true for some i > 0, we write 



t+i) (I) ( e + 2 ) 

9 a/3 = 9 a/3 + £.9a/3 , (5-21) 



(£+2) 

where Sg takes the form 



(1+2) 

&9uP '■= ^a J 3(7i...7f ? 77f + i7f + 2) a ' 71 ' ' ' X lt+ ' 2 , (5.22) 

and hence vanishes on Co- We consider one by one the terms that occur in 
(5.16) with g there replaced by c/ . We assume that (5.15) holds with R a p 

(I) (1+2) 

replaced by Ra/3, and we want to choose 5g a p to achieve the corresponding 

(*+i) 

properties of the Ricci tensor of g . 

The quadratic terms are simplest to analyze: 

9a/3( 5,5 5 J = q a p(g,dg) + 0(\x\ l+ *) . (5.23) 
Indeed, g is a sum of terms of the form 

,(e+\)je+n(e+i) 
P{ 9)° go g , 

. .... „W 

for a rational function p of g , which thus read (keeping in mind that a g = 

0(\x\) for all i) 

(i) ( £ + 2 ) (I) C+ 2 ) U) (<+2) 

[ P{g + Qfl ) - P(fl0 ) o(g + 09 )d{g + 0g ) +p( g)d gd g 

0(\x\ e + 2 ) 0(\x\) 0(\x\) 

+ 2p(^9^ dV +0(\x\"+*) 

O(l) 0(\x\) 0(\x\t+i) 

= p(g)dgdg + 0(\x\ t+jS ) . 

Now, 

Vafl = -jpw 9«,3 + 0(\x\ i+2 ) , (5.24) 
2 g 2 g 

1 1 CO 1 ( e + 2 ) 

-o n (f + D 5 a/3 = 5a/3 -^ D W <W + G(M +2 ) , (5.25) 

I g 2 g 2 g 

where by (5.4) we also have 

1 1 (*+2) 



°(D *W = ^a/3 +0(|af +2 ) 

- (2(n + 2£ + l)A a0ai ... at + 1(1 - 1) x 
A a/i V,.. a; _ 2J ) a( _ ia( )) S Ql • • • x a ' + 0(\xf+ 2 ) . (5.26) 



2 9 2 

~ 2 
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Next, 



g aX dp T A = ga\dp{ g» v r = g a xdp{ g^ T + 0{\x\ l+I ) 
= { txd^ {t v\)+0{\ X \^ 

= gLxdp T A + riaxrrdp^ r J„ - T^) +0(|xr 2 ) , (5.27) 
" * ' 

where, to estimate the error term in the last line, we have used 

r % - r£„ - o(|xr +1 ) , d p {T%,- r^) = o(\xf) . 

The underbraced expression in (5.27) can be analyzed as follows: 

'(""i-ri) = \^'fh^'tl-^ri) 



7^" I 



(2ct - do- g^v) J 
1 „ 



r/V^ Sg^ - -d a 8g^) + 0(\x\ e + 3 ) 



The underbraced term in (5.27) reads thus 

(1+2) 1 (£+2) 

^(fyft, 5 9lia - -^5 Q %,) + 0(\x\ e+2 ) . 
(e+i) n {e+i) n ( e +n 

It follows that the sum g a \dp T + g p\d a T gives a contribution to the 

C+i) (i+i) 
Ricci tensor R a p of g equal to 

1 (*+2) (i+2) {1+2) 

-rf v {d & d v 5g m + 3 a d v Sg^ - dpd a Sg^) + 0(\x\ i+2 ) . (5.28) 
All this leads to the formula 

(1+1) I {i+2) I {1+2) {1+2) (1+2) 

R a p = ~2 a n ^9ap + -^f v {dpd v Sg^a + dcdu Sg^p - dpd a Sg^) 

W 

+ R Q p+0(\x\ e+2 ) . (5.29) 

For further reference, we note that inserting (5.22) with I = into (5.28) one 
obtains at O 

2A a0 - rT^Vafi . (5.30) 
Next, the polynomial part of (5.28) with I = 1 reads 

"tof" {{Awip + A f}^(a)Vv 1 ) ~ A^rj^x 1 . (5.31) 
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For £ > 2 the corresponding calculations require more work: We have 

C+2) / 

dpd v Sg^ a = I £(£ l)A^ a p v ^ 1 _^ i _ 2 ij^ e _ 1 ^ i ^-\-2£A fJia p^ 1 _ ,y e __ 1 rjj^ L , 
~ i r2£A^ Laif ^ 1 _^ e _ 1 Ti^^p ~\~ 2Af ia j 1 _ / y i _ 1 ^ i Tjp l ^j x^ 1 ■ x~* 1 , 

which results in a polynomial part of (5.28) equal to 

^2^(^ _ ^)^' i|:t /3A I (7l---7f-2 7 ?7€-l7*) _ ^)^^' 3Q M(7l---7f-2 7 ?7f-l7«) ^^a(7l---7« 

-\-(,Ap(j 1 ^ 7^)0 "I" ^^^a^(7i ...7{_! *77f )j9 "I" ,8^1(71. ..74—1^7^)0 "F 2A^j Q ,^, 1 . 

— 2^(^ _ l)^' J A I /9 Q (7i---7«-2 ? ?7«-l7f) — ^^^ I /J/3(7i---7«-l ? ?7«) a 



—£A^^ a (^ 1 _ ^ e _ 1 r]^ i }p—A ,1 tl ~ fl ,,,j e r]f3 a Jx' yi ---x' ye . (5.32) 

e+2) (£+i) 

Recall that we wish to choose og so that the Ricci tensor of g satisfies 
(5.15) with £ replaced by £ + 1 there. In view of (5.26) with £ = and (5.30), 
to establish (5.15) with £ = 1 we need to show existence of solutions to the set 
of equations 

-(n - l)Atf - A^rjap = -R a p{0) , (5.33) 
with symmetric tensors A a p and R a p{0). The solution is 



^ = — !— f i?^(0) - ^-v" v R^(O)Va0 ) ■ (5.34) 
n — 1 \ 2n 



(0) 

Having thus established the result with £ = 1 , we expand the Ricci tensor R 
of Vin Taylor series to order one, 

(o) 

Hxp = C a ^ + 0{\x\ 2 ) . 
In view of the equations derived so far, we will obtain 

W 

R a p = 0{\x\ 2 ) (5.35) 
with £ = 1 if we can solve the set of equations 

-{n + i)A aPl + 3^ (^(A afl{ p + Ap^r]^) - A M1/ ( a ^ 7 )J = -C al3l , (5.36) 

keeping in mind that A and C are symmetric in the first two indices. Moreover, 
because of the contracted Bianchi identity, C satisfies 

C a a p = 2C a p a . (5.37) 
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Now, either directly from (5.32), or by expanding, (5.36) can be rewritten 

as 

— (n + l)A afjl + A ai p + Af iia + Aayfripi + Ap^r]^ - ZA^ ^rjp^ = — C Q ^ 7 . 

(5.38) 

As a consistency check with the contracted Bianchi identity, we take a trace 
in a and (3 of (5.38) to obtain 

2\Tt ~t- 2)^4 a ry -f- AAryQ, = C a ~f , 

while a trace in a and 7 yields 

-(n + 2)A a afj + 2A ia a = -C a Pa , 

as required by (5.37). 

To invert equation (5.38) we express ^4 a( 3 7 as a linear combination of all 
possible linear terms which we can form from C a p 1 with the correct symmetry, 
with unknown coefficients which need to be determined. Replacing that expres- 
sion in (5.38) gives a linear system for the coefficients, which we can solve. The 
result is 

+c (C"Vr?« 7 + C^ atl r, Pl ) , (5.39) 

where c is an arbitrary constant. Choosing, e.g., c = 0, establishes our claim 
with £=\. 

A similar, but rather more involved, analysis applies for £ > 2; note that 
(5.35) remains true under the current changes of the metric for all £ > 2: 

W 

We Taylor-expand Rap to order £. Note that so far all error terms were 
of the order 0(|x|^+ 2 ), but this Taylor expansion leaves behind an error term 
0(|a;| £+1 ). Denote by 

C n T-T 1 . . . TT« 

the homogeneous polynomial of order £ in that Taylor expansion. In view of 
(5.26) and (5.32), the homogeneous polynomial of order £ in the Taylor expan- 

sion of R a p is 

+ 2^(^ — l)^^a^M(7l---7f-2 7 ?7f-l7f) Q^V^ ~ 1)^^/30^(71 ■■ -7(!-2 ^t'- 17«) ^-0(71 ■ ■ 
+^/3(7i...7i)a + ^ M Q^(7i...7£_i 7 ?7 t >)0 + ^ @IJ,(ii_...ii--Jl~fi)ct + 2A / 3 Q7l . . . 7( , l7( , 

— 2^(^~ l)^^M/3Q!(7l---7f-2 ? 77f-l7f) ~ r iP(li---ll-i r lll) a 

£A^ lta ^ 1 _ry i l Tjj i ^ ^4^/i 7l ...7 £ ?7/3cK ~t~ Ca/37i...7£^ ' ' ' . (5.40) 

Multiplying by x@ , and disregarding momentarily all terms involving the Minkowski 
metric rj we obtain 

( — (n + 21 — l)A Q( g 7l ... 7f + £Ap^ n lt ) a + M^,..^^ 

+ C aMl ... lt )x f} x^ ...af* . (5.41) 
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Set 

E a /3 71 ...j e ■= C a (/3j 1 ...jt) ' (5.42) 
thus £ , a /3 7l ... 7f is totally symmetric in the last £ + 1 indices. Let us write 

Aa/3'y 1 ...7 e = 0,C a /3~f 1 ...~f e + &(Ca(7 1 ...7 4 )/3 + C/3(7i...7 f )a) +E a /3~ fl ...~ )e ; (5.43) 

S v ' 

— A 

~ • /1 aP71 ■ ■ 

where, for reasons that will become apparent shortly, we will choose the con- 
stants a and b to cancel the following linear combination of the E a p^._ llL terms 
in (5.41): 

-(n + £ - l)A a (p yi . + M (/ 3 7l ... 7f ) Q + E aPll ... li = . (5.44) 
To check that this is possible, we calculate: 

^ct(/3 7 i... 7f ) = { a + b)E a py 1 ... 7f + 6C( / 3 7l ... 7£ ) Q , 

^^4^7i...7«a = a ^C/37i...7fCt + W(C/3(72...7fCi)7i "I" C71 (72 ■ ■ -7fo0/3) ! 

a ^C/3 7 i... 7f a H" ^(Ca/3(72..-7«)7i (^ — -0^73(72. ..72)710: 
+ Ca7i(7 2 ...7f)0 (^ — 1)^*71 (72-.-7f ' 

— 2bEp 11 ... lea + (at + 2b(l - l))C( /37172 ... 7f ) Q , 
We thus find that (5.44) is equivalent to 

\-{n + I - l)(a + b) + 2b+ l]E aMl ...^ + [a£ - (n + 1 - £)b] C {Ml ... ll)a = . (5.45) 

We choose a to make the underbraccd term vanish, 

la = (n + 1 - t)b , 

and then determine b by requiring the vanishing of (5.45): 

(n- l)(n + £ + l)b = £ . 

Therefore the coefficients are 

n+l-l , £ 



(n - l)(n + 1 + 1) ' (n - l)(n + 1+1) 

Inserting (5.43) in (5.40), R a px' takes now the form 

W g 

+ ( - \ (2(n + 2£+ l)B Q(37l ... 7f + 1(1 - l)S Q(3 % (7l ... 7{ _ 2 r; 7f _ l7f) ) 



^ iJ-V' i )-^' ^ Q/9/i(7l...7 ^ _2 ? 77^-l7t , ) n^(^ 1)-^ /3a/i(7i...7£_2 ? ?7«-i7£) ^-^"(7i---7«) 



' iJ-V 1 1 )-S A 'a/3/i(7i...7f_2 ? 77f-l7t 1 ) + 2 
+^^/3(7i...7f)a + 0/^(71 ...je-xVye)^ + ^/^i.^f-i^^a + 2.B '0 a yi...ye-i^e 

~2^(£ ~ i )-S' i /i^a(7l...7 ^ _2 ? 77^-l7t , ) — ^ I^Pill ■ ■ -7f - 1 ^7* ) Q 

£E^ ^ La ^ 1 ... 7 ^_ 1 ^7 7 ^)/3 E^ ypT/fia + Tja^pC + ?7(^ 7l C72 ... 7 ^)a^ X^ X^ 1 • 

+0(\x\ e+2 ) , (5.46) 
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for some tensors C 7l ... 7f and C 11 ...~ /e _ ia . , and where we have denoted by 

M . , . . W . 

PaVP-r x x^it the polynomial of order I in the Taylor series of P aTi^x p x~<. 

Without loss of generality we can assume that C 7l ... 7f is completely symmetric. 

Many terms in (5.46) are proportional to r\ tlv x^x v , and thus of the desired 

form. However, in the homogeneous part of (5.46) of order I + 1 there remain 

some terms proportional to x a := rj a px^ which are not multiplied by a factor 

flut/X^x" , and which need to be set to zero. We start by removing from (5.46) 

those terms which obviously vanish on the light-cone; what remains is 

( - (n + 21 + l)-B Q( 3 7l ... 7£ + £i? a ( 7l ...7 ( ,) / 3 + tBp(f 1 ...y t )a 

+IB 0/j,^y 1 ...f e _ 1 f]yt)a + 2Bpaji ...7f_i7f — fj.p(y 1 ..."/t- 1 1 l*ye)a 

-B% yi ... 7tma + ri ai pC ryi ... yi) )x^x^---x^ +0(\x\ e+2 ) . (5.47) 



To continue, the tensor -B Q /3 7l ... 7f in (5.43) is taken of the form 

B a pii...n — VafsB 11 ... le , (5.48) 

where -B 7l ... 7(! is symmetric in all indices. The formula (5.47) becomes, up to 
terms which vanish on the light-cone, 

( - (n + 21 - l)?/ Q/3 -B 7l ... 7f + (.■q a ( ll B... ll )p + ^5 |8 ( 7l ... 74 _ 1 ?7 7< ) Q 

-£(n - l)B0( 71 ... Je _ l r]^ a - (n - l)B yi ... m r]p a + ■q a ^C 71 ... le ^jx x' yi ■ ■ -x 11 

+0{\x\ l+2 ) . (5.49) 
Equivalently, 

n a {p ( - (n + m + 2)S 7l ... 7f) + C 7l ...7<))^ 71 ...x* + 0(\xf+ 2 ) . (5.50) 
Setting 

7l "' 7 < ~ (n+l)(l + 2) 71 "^ ' 

the polynomial in (5.50) vanishes. This finishes the induction, and proves the 
result for all I e N. 

When £ = oo, the result is obtained by Borel-summing (see Lemma A. 2) the 

{1+2) 

sequence of corrections Sg constructed above. □ 



For the purposes of Theorem 6.1 below it is convenient to have the conclusion 
of Lemma 5.5 in coordinates which are harmonic for the metric g. Note that 
the transition to such coordinates will not change g, but will in general change 
the remaining metric functions on Co' 

Lemma 5.6 Under the hypotheses of Lemma 5.5, for any < G NU {o°} there 
exists a smooth metric 7j defined for \x\ small enough, such that the tensor field 
g = gAB\c dx A dx B induced by g on Co coincides with g, such that (5.15) 
holds for small \x\, and the coordinates in which (5.15) holds can be chosen to 
be harmonic for the metric g, coinciding with the original ones on the light-cone. 
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Proof: We define x^ 1 as being normal-wave coordinates for a metric g defined 
using a modification, explained below, of the proof of Lemma 5.5: by definition, 

W . W 

these are coordinates which satisfy the wave equation in the metric 3, with x^ 
coinciding with the original normal coordinates x^ on the light-cone. 

Although some components of the metric tensor on Co will change when 
passing to the new coordinates, the AB components will not. We need to 
marginally modify the construction of Lemma 5.5 so that the introduction of 
harmonic coordinates does not affect the remaining conclusions of that Lemma, 
as follows. 

We start with an observation: Suppose that a function / + Sf solves the 
wave equation for a metric h, given any other metric g we then have 

= n h (f + sf) = hra lt d v {f + 6f)-hrT(h) x lu> a x (f + sf) 
= (h» v - 5 n W/ + sf) + {cr - fcTCO V Mf + sf) 

+g ^(T(g)\ u -T(h)\ v )d x (f + 6f)+ D g (f + Sf) . (5.51) 

=□„«/ if □,/ = 

We consider (5.51) with / = x^, where x^ denotes normal coordinates for the 

metric g, and with h := g = g, Sf — x^ — x M . We then have d(f + Sf) = 0(1), 
dd(f + Sf) = 0(1), gT ~ W = 0(|x| 2 ), T(g)\ u = 0(\x\), T(h)\ v = 0(\x\), 
O g f = 0(\x\), and so (5.51) implies 

n/x^-xn = 0(\x\). 

Proposition 5.4 gives 

{ x" - t» = 0(\x\ 3 ) . (5.52) 

From the tcnsorial transformation law of the Ricci tensor, we conclude that 

(0) 

after the coordinate change x^ — > x^, the equation 

(0) 

H xf) (o) = o 

will still hold in the new coordinates. Then, in the proof of Lemma 5.5 we 
make this coordinate change after having constructed the metric V there, ^he 
construction of the metric g in that proof is thus done using the coordinates 
x^. 

To continue, we write 

x = x -\- S x M , 
where the notation anticipates the fact, which we are about to prove, that the 
coordinates x M differ from the coordinates x^ by terms which are 0(\x\ + ). 

(I) (l) [l+l) r (^+3) 

We consider (5.51) with / = x'*, g = g, h = g , and df = x M . We again 
have d(f+5f) = 0(1), dd(f+Sf) = 0(1), F(«?) V = 0(\x\), r(h) V = 0(\x\), 
but now J" - W v = 0(\x\ i+2 ), r(g)\„ - T(h)\„ = 0(\x\ e+1 ), and U g f = 0. 
It then follows from (5.51) that 
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and Proposition 5.4 gives 



<f i ^ = 0(\x\ e+3 ) , (5.53) 

as anticipated by the notation. 

This shows that, in the proof of Lemma 5.5, after having constructed the 

metric g , a coordinate change 

W (t+i) 
x — > x , 

will preserve (5.15) (with there equal to x M ), and for £ < oo the proof is 
completed. 

If £ = oo, the construction above provides a sequence of Taylor coefficients 
of the metric which are needed so that both (5.15) and the harmonicity vector 
vanish to any order. Using Borel summation, we obtain a metric for which 
both R^x^ and the wave-gauge vector vanish at the vertex of the light-cone to 
infinite order along Co- Denoting by y^ the normal- wave coordinates for this 
metric, by Proposition 5.4 we have 

yM - x^ = 0{\x\°°) . 

Transforming the metric to the y-cordinates, the result follows. □ 



6 The remaining constraints: the («, g) scheme 

In this section we consider the scheme of [5], where one seeks a metric which 
realizes the initial data (k,c/) satisfying the first constraint equation (3.30). We 
further assume that g is induced on Co by a smooth metric C. The analysis of 
Section 3 shows how the unconstrained scheme, where k and the conformal class 
[g] are prescribed, is reduced to the current one, by rescaling C by a conformal 
factor, and calling again C the resulting metric. 

Let C be the metric obtained by applying Lemma 5.6 of Section 5.2 to the 
metric C, so that the Ricci tensor of C^ satisfies 

R*»y a \c = O e (r e ) , (6.1) 

for any £ when C is smooth. This equation holds in coordinates near O, which 
we denote by y^, such that y M — y^ 1 on the light-cone and such that 

U 6 r = • (6.2) 

The symbols C^ will refer to the coefficients of the metric C in these coordi- 
nates. Then the coordinates x^, constructed as in (3.3) using the y^'s instead of 
the y^'s, coincide on Co with the x M 's. The tensor field C ab^x a dx B is intrinsic 
to Co, and thus coincides with C Asdi ,dx '. Hence, in the checked coordinates 
x^ we still have 

C AB {f = r,x A = x A ) = C AB {r, x A ) =: g AB {r, x A ) . 
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Let be the wave-map gauge vector associated with the metric C, 

H» :=C afi {t^-t^)=:T^ -W» , (6.3) 

S V ' 

where the T^'s are the Christoffel symbols of the flat metric 
g = ri = -{dy ) 2 + {dy 1 ) 2 + ... + {dy") 2 = -du 2 + 2dudf + f 2 s AB dx A dx B . 

It follows from (6.2) that all the components H M vanish, hence we have = 
in any coordinates. 
Summarising, 

Cab = Cab = Vab &t r = f, x A = x A , and H = . (6.4) 

Let us denote by f, a, etc., the fields t and a associated with the metric C, e.g. 

XAB := \^tCab ■ (6.5) 
From (6.4) we find in particular 

&ab — &ab arid f = t at r = f, x A = x A . (6-6) 

Set 

—i 

k ■= r n . 

Let I 11 — x^/f. From [5, Equation (6.11)] we have 

= + \a\ 2 . (6.7) 

n — 1 

Keeping in mind the equation satisfied by r, 

d lT -KT+ - + |o-| 2 = 0, (6.8) 

n — 1 

and using the fact that r behaves as (n— 1)/?' for small r we conclude, at r = f, 
that 

t(k - k) = Oti^- 1 ) => k - k = O e {r e ) . (6.9) 
To continue, recall the identities [5, Appendix A] 

?ii = ^d^o-l^d^gVi , (6.10) 



1 —AS _ - 



j> r = z/ d gu - -^g dig AB = v d g n - f , (6.11) 

W° = -ft* sab, (6.12) 
hence, since = f^ 1 - = 0, 

k = t 11 =i> dii>o — -(i>ot + f) 

,0o - 1 ' —AB 



v dii> - - ( - fv g s A B + f) . (6.13) 
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Keeping in mind that i>° = 1/Pq we obtain 



equivalcntly 




(6.14) 



= - (« + \ + O e (r e )) iP + -rg AB s AB . (6.15) 

Comparing with the equation satisfied by v , 

Siz/ 5 = - (J + k) ^° + ^^tsab , (6.16) 

and using the fact that v a is smooth, hence z>° = 0^(1) for any £, we find 

d^ - z>°) = - (I + k) - *>°) + O e (r e ) . (6.17) 

Integrating, we conclude that 

v a = iP + O e (r e ) is = z> + £ (/) . (6.18) 

6.1 Integration of the second constraint 

With Minkowski target the vacuum wave-map gauge Ca constraint reduces to [5] 
Ca = -\{dxU + tU) + V B XA B - d A r = , (6.19) 

where V is the covariant derivative operator of the metric g^da^da; 5 , and 
where £a is defined as 

U = -2v d lVA + Av q v bX a B + Ia , (6.20) 

with [5, Section 8.1] 

Ia = - (rg CD s CD + ^jv A + g AB g CD {SE D - £% D ) . (6.21) 

and where the T^'s are the Christoffel symbols of the metric Tj AB &x A dx B . On 
the other hand, for the metric C we have the identity 

1 Pln.i 

—fihU + fU) + VbXa B - d A f = g^Riut. = Oeif*- 1 ) , (6.22) 
where £ A is 

U = -2j> Q du> A +^ Q VBXA B + Ia 

= -Z^d^A+Av^BXA 3 + fA + O^f 1 ) . (6.23) 
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In the second line above we have used the calculations in [4], which show that 

Pa = O e (f 3 ) . 



Further, 



, ~-tCD 2v \ v —CD . „2j f B , 

J A = - sea + — \v A + g AB g (S CD - T CD ) 



r 



rg^ ScD + 2 -^ + O l {r^)y A 
+9ab9 CD {SEd~^cd) , (6-24) 

at r = f. 
Set 

8v A ■= v A -v A , <5£a := £4 - £4 ■ 
Subtracting (6.19) from (6.22) one obtains 

~(diSU + tSU) = Oiir"- 1 ) . (6.25) 

Integrating, one finds 

5^x^ = 0^). (6.26) 
Subtracting (6.23) from (6.20) we obtain 

-28 x 5v A - {rg CD s CDV a + ^-)5v A + 4 XA B 5v B = Oe(r e ) . (6.27) 
Integrating again, Proposition B.5 in Appendix B gives 

v A = v A + O l (r l+1 ) . (6.28) 

6.2 Integration of the third constraint 

We pass now to the "Co constraint operator" of [5]. It arises from an identity, 
which for the C-metric takes the form 

= (j> ) 2 [2^(^00 - g AB VAV B ) - (r + 4W 1 )c>i((?oo - g AB VAVB) 

+ ( - di(r + 2VF 1 ) + W\t + 2W 1 )) (C 00 - 9 AB vavb) 

-2(9! W 1 +tW 1 )-R+ \g AB UtB - C AB V A £ B 



-SnC' 1 - 2S 1A C iA - 2S iC ul , (6.29) 

where S is the Einstein tensor of the metric C; here, for simplicity, we have 
omitted to put hats on those fields which coincide with their unhatted equiv- 
alents, e.g. t = t, etc. For the vacuum metric g^ v that we seek to construct, 
this provides instead a constraint- type equation for g QQ : 

= {v Q ) 2 [2dl{g m -g AB v A v B )-(T + m 1 )d x (g o -g AB ^ B ) 

+ ( - & (r + 2W 1 ) + W\t + 2VF 1 )) (goo - g AB v A v B ) 

-2(8^ + tW 1 ) - R + \g AB UtB ~ 9 AB V A £ B ■ (6.30) 
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Subtracting (6.29) from (6.30) we obtain an ODE for C*oo — .9oo which, as before, 
leads to _ 

3oo = Coo + Oi{r l ) . 

To establish this, the reader might find it convenient to argue in two steps, 
by first considering the first-order ODE satisfied by the difference of d\ (goo — 
g AB v A v B ) and <9i(C 00 -9 Ab v a vb)- 

6.3 End of the proof 

Let C^u be a smooth metric and let re be a function on Co such that re/r extends 
to a smooth function on space-time. 

From what has been said, there exist smooth space-time functions SCqa, 
SCqi and SCqo vanishing to infinite order at the origin such that 

SC'qa = — Cqa + va , SC o = —Coo + ffoo <5C i = -Coi + v . 
Then the tensor field 6C defined as 

SC := 26C 01 dudr + 26Co A dudx A + SC 00 du 2 
has smooth components 8C^ V , and satisfies 



SCab = = SCai = SCu . 

It follows that the tensor 

has smooth components, satisfies the Raychaudhuri constraint equation (3.30) 
with prescribed function k, as well as the remaining wave-map gauge constraint 
equations. The existence theorem of [11] shows existence of a smooth metric g^, 
defined in a neighborhood of the vertex O, which satisfies the vacuum Einstein 
equations to the future of O, such that 

9fiv\co = C^„ + 5C^ y . 

It then follows form the analysis in [5] that H M = (compare the argument at 
the end of Section 7) , and that g^ solves the Einstein vacuum equations to the 
future of O, with 

f£ = «. 

We have therefore proved: 

Theorem 6.1 Consider a pair (n,g), where g is a symmetric tensor field in- 
duced by a smooth Lorentzian metric C on its null cone Co with vertex at O, 
and where rn is the restriction to Co of a smooth function on space-time vanish- 
ing to second order at O. Suppose moreover that (re, g) satisfy the Raychadhuri 
equation 

T 2 

«9 ir -reT+ + [crl 2 = , (6.31) 

n — 1 

where t is the divergence of Co and a its shear. Then there exists a smooth 
metric g, defined in neighborhood of O and solving the vacuum Einstein equa- 
tions in J + (0), such that Co is the light-cone of g, g is the tensor field induced 



29 



by g on Co \ {O}, and K determines parallel-transport along the generators of 
Co-' in adapted coordinates 

Vg r d r = nd r . 



□ 



We note that (6.31) is a necessary condition for g to be vacuum, so Theo- 
rem 6.1 is in fact an if-and-only-if statement. 

7 The ~g^ v scheme 

In this section we prove Theorem 1.3, namely existence of solutions of the vac- 
uum Cauchy problem on the light-cone in the scheme of [9] , where all the metric 
functions are prescribed by restricting a smooth metric C to its light-cone. 

As in our previous treatment, we use a "generalized wave- map gauge" with 
target metric g being the Minkowski metric r\ = — (dy ) 2 + (dy 1 ) 2 + ■ ■ ■ + (dy n ) 2 . 
As gravitational initial data, we choose a smooth tensor field C. The coordinates 
y are chosen so that the future light-cone Co of C with vertex at O coincides 
with the Minkowskian light-cone y° = \y\. We then use the metric components 
C M „ = C^ y \c as initial data for g: 

9p.v := C ^ y . 

It follows from Lemma 5.5 that there exists a metric C such that 

9 = C nv = C ^ v , (7-1) 

with the Ricci tensor R^ IV of the metric C satisfying the conclusions of that 
lemma: for small r = |y|, 

R» v = 0(r 2 ) , R^y»\ Co = Ooo(r°°) . (7.2) 

To obtain a well posed system of evolution equations for the metric g we will 
impose a generalized wave-map gauge condition, 

H x = , 

with the harmonicity vector H 11 defined as 

H \ ._ g "0r*p ~W X , with W x := g af3 fl +W X , (7.3) 

where the T^'s are the Christoffel symbols of the metric r\ = g. Roughly 
speaking, we calculate T x — W x from the initial data, and use the result as the 
definition of W x ; this will ensure the vanishing of H . The details are somewhat 
less straightforward, as H x — W x involves some transverse derivatives of the 
metric which are not part of the initial data; this is taken care of as in [9] . One 

then needs to prove that is the restriction to the light-cone of a smooth 
vector field in space-time, and this is focus of the work here. 
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Recall that the vector field has been defined in (6.3) as 



H x :=C^(t^-ti p ), (7.4) 

V v ' 

=:f* 

where the T^a's are the Christoffel symbols of the metric C. This is clearly a 
smooth vector field in space-time. We will show that the components of 
differ from those of by terms which are Ooo^ 00 )- It easily follows from 
Lemma A.l, Appendix A, that a vector field, defined along Co, with (u, r, x A )- 
components that are Ooo^ 00 ) extends to a smooth vector field on space-time, 

which will establish the desired property of W^. 

We pass now to the details of the above. There exists a neighbourhood of 
O on which r has no zeros. There we solve the first constraint by setting 



Sir + -^r 2 

1 n—1 



(7.5) 



T 

The argument leading to (6.9) applies, and gives 

k-K = oo {r°°) . (7.6) 

Following [9], we choose W° to be 

W° = -W Q - is (2k + t) - 2<V° ; (7.7) 
equivalently, using the unchecked versions of (6.10)-(6.12), 

Tii = K- \v Q TP . (7.8) 

The last equation is further equivalent to (compare the unchecked version of 
(6.7)) 

Rn = ~voH°t . (7.9) 
Comparing the definition (7.4) of H with (7.7), using (7.1) and (7.6) we find 

W° = ~5° + 2i/ ) (k - k) = ~5 Q + O^r 00 ) . (7.10) 
The next constraint equation follows from Ria = 0. We note the identity [5] 

(d r + t)T\ a + \7 B a A B - ^—^-d A T - OaT^ = R 2A , (7.11) 

n — 1 

where V is the covariant derivative associated to the Riemannian metric gAB- 
We let £ A to be the unique solution, which vanishes at the tip of the light- 
cone, of the equation obtained by replacing T\ A in (7.11) by —£4/2, by k, 
and setting the right-hand side to zero, 

~{dr + t)U + V B a A B - ^—^d A r -8 a k = 0, (7.12) 
I n — 1 
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as in (6.19). We choose W A to be 



-AB 



£ B + 2u°(d r u B - 2v C (T B C - vbt) - v B {W° + W°) 



-CDi^A 



-g~~LcD-W A ; (7.13) 
equivalcntly 

£ A = -2u°d r u A + 4v°v B a A B + 1v*v a t + v A {W° + W°) 

+9ab(W b + W b ) -g AB -f D f B CD . (7.14) 

This has been chosen so that, using the formulae in [5, Appendix A and Sec- 
tion 9], 

Ria = -\{d r + r)(g AB H B + is A H°) + \d A {u a W) . 



2 v - / 2 

Moreover, one finds (cf. Equation (10.35) in [5]) 



-2T\ A ~g AB H B -u A H° 



We let t~ A be — 2f \ A . The check-equivalent of (7.11) reads 

1 - n — 2 

-o(^r + t)U + V B a A B - ——d A T - d A k = 

2 n — 1 

Comparing with the equation (7.12) defining £ A we find 
-l(dr + T)(U-U) = oo (r°°) . 



Integration establishes that 



(7.15) 
(7.16) 

(7.17) 

(7.18) 
(7.19) 



The field H A , defined in (7.4) and written out in detail using [5, Appendix A], 
takes the form 



H A = g AB 



£ B + 2v°(d r v B - 2v c ob C - vbt) - v B Y 
+g CD f A D ~W A . (7.20) 
Comparing with (7.13) and using (7.10) and (7.19) we conclude that 

W A = 6 A +g AB k B -£ B -is B (W + W ~f ) 

= l A + CUr°°). (7.21) 

Let Sfj, v denote the Einstein tensor of g. We continue with the equation 
Soi = 0; equivalently, g AB Rab = 0. Using the identities (10.33) and a corrected 
version of 4 [5, Equation (10.36)] we find the identity 



g AB R AB 



(dr + Tl.+T^g^TU+rg 11 ) 
-2g AB n A T\ B -2g AB V A n B + R. 



(7.22) 



'On the far-right-hand side of (10.36) in [5] a term rg 11 /2 is missing. 
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This motivates the equation 

1 



(d r + K + T)(+(V A -^U)£ A + R = 0, (7-23) 



with £ := g £b, and where the quantity £ will be the restriction of 

2{g AB T\ B + rt 1 ) 

to Co , once the final vacuum metric g will have been constructed. We integrate 
(7.23), viewed as a first-order ODE for £, as 







R + g AB ^A^B-\g AB U^yf 
= -(n- l)r _1 +0(1) . 
We choose 

W 1 := ic - (5, + k + \r)g 11 - W^ 1 ; (7.24) 

equivalcntly 

C = 2g AB T AB + t\r + v W) - 2H 1 . (7.25) 
With the choice (7.24) we have 

g AB R AB = (d r + K + r-^g 12 H°)(2H l -g 12 v°H )-\g r2 H\ 

+(Va -U- \9abH B - \v A H a )(H A + vcg AC H°) ■ (7.26) 
Let C be the check-counterpart of £, 

(:=2{g AB T\ B +Tv a ) . (7.27) 
Integrating the check-version of (7.22) we obtain 

C = __ / r n ~ 1 e fi( K + T — H dr x 

r n - x Jo 

(R + g AB V A l B - \g AB Uh - g AB k AB )df 

= C + O^r 00 ). (7.28) 

From (7.27) and from [5, Appendix A] we find 

l^f' + idr + k+^g 11 ■ (7.29) 
Comparing with (7.24), in view of (7.6) and (7.28) we conclude that 

W 1 = i(C - C) + F 1 + (ft - «)3 n - W 1 = H 1 + O m D . (7.30) 
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Summarising, given the fields g^ v on Co we have found a vector field W on 
Co satisfying 

The field H^ L extends trivially to the smooth vector field H^, while a vector 
field with components which arc Ooo(f°°) extends to a smooth vector field in 
space-time by Lemma A.l. We conclude that there exists a smooth vector field, 
which we call W, defined in a neighborhood 6 of O, which coincides with W 
on Co n G. 

We apply the existence and uniqueness theorem of [12] to the reduced Ein- 
stein equations R a p = 0, with initial data g, where 

R% ] ■= R a p - ^(g a xDpH x + g px D a H x ), (7.31) 

with H 11 defined by (7.4), where D is the Levi-Civita covariant derivative in 
the metric g. Indeed, it follows from [3, page 163] that R^l is a quasi-linear, 
quasi-diagonal operator on g, tensor-valued, depending on g, of the form 

R ( "p = -\g Xtl D x b^ + f[g, Dg] a p , (7-32) 

where f[g, Dg] a p is a tensor quadratic in Dg with coefficients depending upon 
g, g, W, DW and DW, which is of the right form for [12]. 

Now, the metric g so obtained will solve the vacuum Einstein equations if 
and only if vanishes on Co- It should be clear that K equals then and 
£a equals — \T\ A but, to avoid ambiguities, we will justify it explicitly in what 
follows. 

Note that at this stage a smooth metric g and smooth vector fields 
and arc known in a neighbourhood ^ of O, with g satisfying the reduced 
Einstein equations in n J + {0). 

The proof of vanishing of H is essentially the same as the one in [5], we 
outline it here for completeness. 

In order to prove that H° = holds, we note the identity (see (7.31)) 

Ru = R { n } +voDi~H a . (7.33) 

The reader will note that this equation, as well as (7.36) and (7.37) below, are 
identical with the corresponding equations in [5] , even though our H is not the 
same as the corresponding vector field in [5]. This is due to the fact that our 

operator R n in (7.31) is constructed using our vector field r M — — W^, 
while in [5] the vector field — is used for 

Equations (7.9) and (7.33) imply that H° satisfies a linear homogeneous 
differential equation on Co, namely, 

Djl + -tH° = . (7.34) 

As explained in [5, Section 7.6], the only bounded solution of this equation is 
H° = 0. The equality rj-jc^ = n follows trivially now from (7.8), 

FVo^V-T^). (7.35) 
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To establish the vanishing of Ha wc invoke the identity [5, Equation (9.8)]: 

R 1A = Eg> +l(v D A H° + uaSJp + g AB thH*) . (7.36) 
=o 

Combined with (7.15), and taking into account that H° = has already been 
established, this gives a radial homogeneous ODE for H A , with H A = being 
the only solution with the relevant asymptotic behaviour at O. We can now 
conclude that £a = —2T\ A from (7.16). 

Finally, we have the identity [5, Equation (11.18)] (recall that denotes 
the Einstein tensor) 

Soi = +\(g m DiH* + v A DiH A - u D A H A ). (7.37) 

Combining this with (7.26), one similarly concludes that H 1 = 0; see also [5, 
Section 11.3]. The vanishing of H° and H 1 , together with the identity (7.25), 
imply that on Co the field C coincides with 2g AB T AB + ti/ 1 . 

Thus vanishes on Co, and by the usual arguments (see, e.g., [5, Theo- 
rem 3.3]) we have = 0. 

This completes the proof of Theorem 1.3. □ 



A On Taylor expansions 

To proceed, some terminology will be needed. We say that a function g defined 
on a space-time neighbourhood of the origin is o m (\y\ k ) if g is C m and if for 
< I < m we have 

lim \y\^ k d^ ...d^g = , 
|j/|->-o 

where \y\ := y^Uo^) 2 - 

A similar definition will be used for functions defined in a neighbourhood 
of O on the light-cone Co'- Wc parameterize Co by coordinates y % £ K™, and 
we say that a function g defined on a neighbourhood of O within Co is o m (r k ) 
if g is a C rn function of the coordinates y % and if for < £ < m we have 
lim r _> r e ~ k d tll . . . d M g = 0, where r := VEIU^ 1 ) 2 - 

We consider a light-cone Co which is smooth away from its tip. The following 
lemma will be used repeatedly (recall that 9 4 = y l /r): 

Lemma A.l (Lemma A.l in [7]) A function ip defined on a light-cone Co is the 
trace f on Co of a C k spacetime function f if and only if <p admits an expansion 
of the form 

k 

^E^ + ^'l, (A.l) 

p=0 

with 

f P = fi 1 ...i P Q il ---& ip +f'i 1 ...i P - 1 Q il ---e ip - 1 , (A.2) 

where fi t ...i p and f' il i _ l are numbers. 

The claim remains true with k = oo if (A.l) holds for all k. □ 
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We will also need the following: 



Lemma A. 2 (Borel summation, see e.g. Lemma D.l in [7]) For any sequence {cj 1 ...j i .}fcgN = 
{c, Cj, Cij, . . .} there exists a smooth function f such that, for all k £ N, 

k 

/ Y. r ' -<.' / ' ">■'■''' ] ■ 

□ 



B ODE Lemmas 

For k £ NU {oo, uj} we will say that a function <p : Co — > K is C^-cone differen- 
tiable if there exists a C fc function on space-time (j> such that is the restriction 
to Co of 4>. We shall say "cone-smooth" for C°°-cone differ entiable. 
We start with the following elementary result: 

Lemma B.l Let k £ NU{oo,w}, and let ip be a C -cone differentiable function 
on Co- Then the integrals 

i){r,x A )= [ r <p ( s > x ) ds and x ( r ,x A ) = - r tp(s,x A )ds (B.l) 
Jo s r Jo 

are C k -cone differentiable, assuming moreover ip(0) — in the case of the inte- 
gral defining ip. 

PROOF: Let, first, k £ N. By Lemma A.l we have 

k 

p=0 

where the coefficients f p are of the form (A. 2). Inserting into (B.l) we find 



lfr(r, x A ) = ^ ^- + o k (r k ) , X (r, x A ) = £ ^~ 



+ o k (r k ), (B.3) 



and the result follows from Lemma A.l. 

The case k = oo is established in a similar way using Borcl summation. 
The case k = to is the contents of [6, Lemma 6.5]. □ 

We will need the following result about systems of Fuchsian ODEs: 

Lemma B.2 Let r > 0, k £ NU {oo}, N £ N, > a £ R, ip £ C k ([0,r ],R N ), 
and a £ C k ([0, r ], End(R JV )) with 

a(0) = aid , 

where Id is the identity matrix in End(]R JV ). If <fi £ C 1 ((0, r ], K ) is a solution 
of 

= -</> + 4>, (B.4) 
r 
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1. The limit 



exists. 



lim r- a (j) (B.5) 

r— >0 



2. There exists a solution such that the last limit is zero. Fur such solutions 
(f> extends by continuity to a function in C fc+1 ([0, To)). If moreover ip = 
0(r m ), respectively o(r k ), then <fi = 0{r m+1 ), respectively o(r k+1 ). Here 
by o(r°°) we mean a function which is o(r k ) for all k. 

Remark B.3 The fact that <fi £ C k ((0,r o ) is standard, so the only issue is at 
r = 0. Similarly the case a = is standard. It is easy to analyze the equation 
with a > using similar methods, but the results are more complicated to 
describe, and will not be needed in this work. 

Remark B.4 We will be using Lemma B.2 in the following equivalent form: 
Suppose that there exist matrices on so that a has an expansion 

a = aid + a x r + . . . + a k r k + o k (r k ) , (B.6) 

and suppose that there exist vectors 4>i £ ^ N so that tp has an expansion 

i< = V'o + ipir + ... + 4> k r k + o k {r k ) . (B.7) 

Here we write / = o k (r m ) if for < i < k we have d l r f = o(r m ~ l ). Then the 
limit (B.5) exists. If this limit vanishes, then there exist vectors (f>i £ R w so 
that (f> has an expansion 

(j) = far + . . . + cj) k r k + o k (r k ) . (B.8) 

Proof: Let us denote by (•, •) the canonical scalar product in M. N , with \cf>\ 2 = 
(<f>,<j>). Set / := r~ 2a |(/)| 2 . From (B.4) we have, for some constant C, 

rd r {r~ 2a \(f>\ 2 ) = 2r- 2a {cj), (a - aid) (f> + rip) 

>-c 

> r(~2Cr- 2a \<j>\ 

-r(2(C+l)f + r- 2a \^\ 2 ) 





> 



d r (e 2(c+1 ^f+ f e 2 ^ s S - 2a \^{ S )\ 2 ds) >0. 



equivalently 



= :h 

So the function h defined in the last equation is monotonous, nondecreasing. 
Monotonicity and positivity of h implies that of existence of the non-negative 
limit lim r _>.o h{r), and we conclude that r~ a \4>\ has a finite limit as r —> 0. In 
particular |</>| < Cr a for some constant C. 
We rewrite (B.4) as 



d r {r- a (j)) = r~ a {ip + {a- ald)<f>) 
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Integrating, for < r\ < r < Tq one finds, 

<p(r) _ fan) 



s' a i){s)ds+ {a- ald) S - a fas) dx . (B.9) 

J ri v ' 

<Cs l 

Passing with r± to zero, using convergence of the integrals above in the limit, 
we find that the limit 

fafi) 



lim 

ri-s-0 r 



exists. Hence point 1. holds, and moreover 

far) =r a <j> + r a r>(s) ds + r a (aid - a) S - a fas) dx , (B.10) 



2. It is standard that solutions of the homogeneous equation can be uniquely 
parameterised by <j>. So, given any solution of the non-homogeneous equation 
(B.4), we can substract from it a solution of the homogeneous equation with the 
same value of cf>, obtaining a solution with = 0. It follows from (B.10) that 
we then have 



r a I S - a iP(s) ds + r a I [aid - a)s- a (t)(s)dx (B.ll) 
-■00 + o(r) . 



r 



Suppose, now, that 

= far + ■ ■ ■ + 4> 3 r j + o(r j ) (B.12) 

holds for some 1 < j < k + 1; we have just shown that this holds with j — 
1. Inserting (B.6)-(B.7) and (B.12) into (B.ll) one then finds by elementary 
manipulations that (B.12) holds with j replaced by j + 1. Lemma B.2 follows 
now by induction, using Remark B.4. □ 

Let M be any smooth compact manifold; in our applications M will be a 
sphere S 71 ^ 1 . By commuting (B.4) with differential operators tangential to M 
one immediately obtains the following corollary to Remark B.4: 

PROPOSITION B.5 Let r > 0, k, N e N, > a € R. Suppose that there exist 
matrices cti £ C°°(M, End(K. JV )) so that a has an expansion 

a = aid + a x r + . . . + a k r k + o k (r k ) , (B.13) 

and suppose that there exist vectors ipi € C°°(M, R N ) so that ip has an expansion 

ip = V'o + i\r + ... + 4> k r k + o k (r k ) . (B.14) 

We assume moreover that for any I £ N and for any smooth differential operator 
X on M of order £ the error terms in (B.13) and in (B.14) satisfy, forO <i<k 
and 0<i + £<k + l, 

dlX(o k (r k )) = (r fe - J ) . (B.15) 
Let <f> £ C°(M x (0,ro],IR w ) be differentiate in r and satisfy 

<f>' = -<f> + i/> . (B.16) 

Then: 
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1. The limit 

\imr~ a (f> (B.17) 



r->0 

exists. 

2. There exists a solution <j> 6 C k+1 (M x (0,r o ],R N ) of (B.4) such that the 
last limit is zero. Fur such solutions 4> has an expansion 

4> = <t>ir + ■ ■ ■ + <i>k+ir k+1 + o k+1 (r k+1 ) , 

where <f>i 6 C°°(Mx [0, ro\), and where the error term satisfies (B.15), with 
k in the exponent replaced by k + 1. If moreover ip = 0(r m ), respectively 
o{r k ), then <j> = 0(r m+1 ), respectively o(r k+1 ). 

C Prescribing i/q 

Let vq be the restriction of a smooth space-time function to the future light-cone 
of a smooth metric C. In this appendix we show how to deform C to achieve 
Coi = vq without changing C ABdx A dx B . 

Let y be a coordinate system in which the future light-cone of C takes the 
Minkowskian form y° = \y\, and let x be coordinates as in (3.3). Using the 
notation 3d d d 

we have the transformation formulae 

Coo = Coo, Coi = — Coo — CoiO 1 , Cqa = ~ ^ 0i T q a > (C-l) 

Cu = Coo + 2Co 1 & 1 + r^H'B'. Cia = C^r^X + Q± rQj '^A > ( C ' 2 ) 



Conversely, = fp-f^-C^ gives 



da;" 4 

Coo = Coo, Cpj = — (Cqq + Cqi)6' — Cqa-^— - , (C4) 
gV 

c^ = (c 00 +2C 01 +Cn)e^HCoA+c 1 A)(& w +^ w )+CAB WW . 

(C.5) 

As the first step of our argument, we need to write vq as 



where /o, respectively /s, are restrictions to the light-cone of functions /o, re- 
spectively /i, which are smooth on space-time. (It follows from (4.10) that 
fa = 0(r 2 ) when n = 0, a harmonic gauge and the vacuum Raychaudhuri equa- 
tion are assumed, but this will not be needed in what follows.) To prove (C.6), 
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let / be any smooth function on space-time; Taylor expanding / with respect 
to y 1 we can write 

f(y°, y 1 ,..., y n ) = f(y°, 0, y 2 , . . . , y n ) + y\ . . . , 2 /™)y 1 , 

where 

1 df , n 



/ ^{y ,sy\y\...,y n )ds&C° 

Jo dy 



f 

Similarly 

f(y°, 0, y 1 . . . , y n ) = f(y a , 0, 0, y 3 , . . . , y n ) + f 2 (y°, y 2 ,..., y n )y 2 , 

with 

h = J ^(y°,0, sy 2 ,y 3 ,...,y n )d S eC™ . 
Continuing in this way, after n steps the function 

n 

I /'//'.() o) (C.7) 

i=l 

depends only upon y°. A final Taylor expansion allows to rewrite the right- 
hand-side as /(0, 0, . . . , 0) + (y°) m fo, where /o is a smooth function of y° and 
m is the order of the zero of /(y°, 0, . . . , 0) — /(0, 0, . . . , 0). Keeping in mind 
that y \c o = r > (C-6) for vq = f follows. 
Let, now, C^„ be given, and consider 

Cfi V '.= il 2 C^ lL , + 8C^ U , 

where 51 = 1 if one wishes to keep C ABdx A dx B fixed, or f2 is a smooth space- 
time function with prescribed £1 (e.g. the conformal factor determined in Sec- 
tion 3.3), if one only wishes to prescribe G Asdx A dx B up to a conformal factor. 
Suppose, momentarily, that the components 

are prescribed smooth functions on space-time, and suppose that SC satisfies 



5C AB = = 6Cu = SC 1A . (C.8) 

The first equality guarantees that the initial data C A b defined by C coincide 
with the metric g A g solving the first constraint equation, while the last two 
guarantee that the cone {y° = \y\} remains characteristic for C. 
Then by (C.l) 

SCoo^SCoo, 5C 01 = -SCqq - SC Qk e k , SC 0A = SCpk^T , (C.9) 



and so all components SC^y are known. We can now find the restrictions to the 
light-cone of the missing components Sdj of SC using (C.5): 



SCa = {SC O0 + 2SC 01 )& i & 3 +SC 0A (Q i — + ) 



. dx A „ . dx A , 
■ _ + qj . 

dy 3 dy 1 



iSCoo + 28_Co k Q*)&Qi - ^g(6^ + 9^) 

-{SCqq + 2SC ok O k )O l & - SC Qk ({5 k - 6 fc QJ)9* + (S k - 9 fc 9')9J) 



-SCgg&Qi - SC 0i Q3 - SCqjQ 1 . (CIO) 
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Keeping in mind that SC^ is required to satisfy (C.8), we chose the tensor 
field SC^i, now so that in addition to this last equation it holds that 

Cm = vo , (C.ll) 
where vq is the restriction to the light-cone of a smooth function /. Equivalently, 

n 

6C01 = r 2 /o + W + 1 " n2 ' ( C - 12 ) 

i=l 

where /o and fi are given by (C.6). As in that last equation we can also write 

n 
»=1 

which allows us to rewrite (C.12) as 

n 

SC 01 = r 2 (f - h ) + J2(fi - hitf ■ (C13) 

i=l 

Comparing with (C.9), we see that (C.12) will hold if we choose 

(56*00 = r 2 (hp - Jo) , 8C Qi = t(hj - fi) , 
while, in view of (C.10), (C.8) will be satisfied if SCij is further chosen to be 

SCij = (/o - Ao)yV + (/< - hi)y j + (f j -y j )y i . (C.14) 

The reader might wish to verify by a direct calculation that, with these choices, 
(C.8) and (C.ll) hold. 

The metric C will clearly be Lorentzian in a sufficiently small neighbourhood 
of the vertex of the cone. 
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